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ABSTRACT 10 
Natural earth-bounded channel flows usually subject to various sidewall turbulences, i.e. in 11 
the form of secondary currents, due to non-constant channel shapes at different sections. This 12 
paper investigates an improved Shiono-Knight model (SKM) by combining it with a Multi-13 
Zonal (MZ) method (proposed by Pu, 2019) to represent lateral flow turbulence and 14 
secondary currents in different shapes of open channel, i.e. rectangular and trapezoidal. By 15 
applying the proposed analytical model to both rectangular and trapezoidal channel flows, we 16 
have inspected different streamwise velocity characteristics across transverse direction 17 
generated by their sidewalls in order to provide crucial fundamental understanding to real-18 
world natural flow system. The proposed model has also been validated via various 19 
experimental data conducted in national UK Flood Channel Facility (UK-FCF). It has been 20 
observed that the trapezoidal channel has created a larger sidewall zone where secondary 21 
current can affect flow velocity; however, the intensity of the secondary flow in trapezoidal 22 
channel has been found lesser than that of the rectangular channel. By improving the 23 
modelling of natural flow at sidewall, the studied approach could be adapted into different 24 
existing analytical models to improve their accuracy. 25 
Keywords: Shiono-Knight method; multi-zonal model; secondary flow; sidewall turbulence; 26 
rectangular channel; trapezoidal channel; lateral velocity distribution; natural flow. 27 
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1 Introduction 28 
Within the natural compound rivers, the rectangular and trapezoidal-alike sections are among 29 
the most commons. In recent studies, it has been proposed that different rectangular and 30 
trapezoidal shapes as well as the angle of their corner can give significant differences to the 31 
flow velocity distribution and its induced secondary flow (Lucas et al., 2017, and Vidal et al., 32 
2018), and hence further affect the sediment transport within the channel (Pu and Lim, 2014). 33 
For efforts to represent these flow characteristics, Shiono and Knight (1988, 1991) have 34 
suggested a mathematical-based model for velocity profile computation, named Shiono-35 
Knight model (SKM). Their proposed model was based on two-dimensional (2D) Reynolds 36 
Averaged Navier-Stokes (RANS) equations where depth-averaged concept was adopted to 37 
simplify its flow domain into 2D.  38 
 39 
In the modelling of rectangular and trapezoidal flow turbulence, various numerical and 40 
mathematical models have adopted to model the secondary flow of Prandtl’s second kind 41 
(Fujita et al, 1989, Demuren, 1989, Stankovic et al., 2016, and Pirozzoli et al., 2018). In the 42 
investigation of Nikitin et al. (2019) on mechanisms of secondary flow of Prandtl’s second 43 
kind, it has been suggested that the flow condition is mainly subjected to non-linear 44 
longitudinal vortices, which increase the complexity of such turbulence modelling. On the 45 
other hand, the SKM in Shonio and Knight (1991) considered the secondary flow using a 46 
uniform approach in which a constant secondary flow parameter, Γ , was utilised in the 47 
model. This approach was later adopted in the studies by Tang and Knight (2008a, 2008b, 48 
2009), and Yang et al. (2012). However, it has become clear in Shonio and Knight (1991) and 49 
Yang et al. (2012) that the eddies and secondary flow occurrences are complicated and 50 
evolve-able in natural flows with different shapes.  51 
 52 
Recently, Pu (2019) has proposed a Multi-Zonal (MZ) model for representing flow with high 53 
lateral momentum exchange. The model has proven to work reasonably when secondary 54 
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currents are intense in flow. Compared to constant Γ  approach used by Shonio and Knight 55 
(1991), Liao and Knight (2007a, 2007b) and Tang and Knight (2008a, 2008b), Pu’s model 56 
worked on naturally escalated secondary flow concept, represented in sub-divided flow 57 
regions of escalation. This has proven to more closely represent the actual flow condition. 58 
However, it has only modelled and formulated for the compound channel interface zone 59 
without considering any sidewall effect. Liao and Knight (2007a, 2007b) have also 60 
investigated local friction factor, f, and dimensionless eddy viscosity, λ , besides Γ , for 61 
various trapezoidal and rectangular channels. All afore-studies have proven that the key 62 
impact to naturally-shaped channel flow will be the secondary currents, in particular near to 63 
heavy flow momentum exchange area, i.e. sidewalls or compound channel interface.  64 
 65 
In terms of modelling, the secondary flow has usually been represented using the Boussinesq 66 
approximated approach, such as in numerical models studied by Spalart (2000) and 67 
Weatheritt and Sandberg (2016). However, Boussinesq approach involves complex vorticity 68 
tensor which requires high computational cost; and in comparison, SKM uses direct analytical 69 
estimation that can increase the efficiency of secondary flow-induced velocity calculation. 70 
Several previous studies have shed the light on improvements that can be applied to SKM 71 
model. In Ervine et al. (2000), a model based on the assumed relationship of transverse to 72 
streamwise velocity component was suggested where Γ  was equated to KUd2, in which Ud is 73 
the streamwise depth-averaged velocity and K is a weighted coefficient. In their proposed 74 
model, the complex 3D interfacing of various natural channels were simplified to be 75 
represented by K-components, i.e. the effect of streamwise shearing and flow-mass exchange. 76 
Castanedo et al. (2005) also proposed three different forms of the turbulent shear stress 77 
formulations into their analytical model to calculate flow velocity in different channels. Their 78 
model worked well on flow exchange estimation, but did not take into account the secondary 79 
current. In Van Prooijen et al. (2005) study, an analytical eddy viscosity model was 80 
investigated, which included the effects of the streamwise and lateral coherent structures and 81 
effects of 3D bed-induced turbulence. Summarising the studies by Ervine et al. (2000), 82 
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Castanedo et al. (2005) and Van Prooijen et al. (2005), Tang and Knight (2009) suggested 83 
that the large-scale horizontal eddies generated by strong shear flow and secondary currents in 84 
the flow mixing region is crucial in estimating the flow transverse mixing, such as that caused 85 
by the sidewalls.  86 
 87 
As a summary of studies on natural and complex channel flows with different shapes, it has 88 
been identified that the turbulence and secondary flow are crucial factors for precise 89 
estimation of flow velocity profile. Common approach to compute the secondary flow-90 
induced velocity profile has been based on 3D flow modelling; however due to its complex 91 
3D vorticity tensor, the model usually has high computational cost and hence is not practical 92 
to use in real-world flow representation. In this study, we aim to investigate a 2D analytical 93 
approach to estimate the secondary flow created within rectangular and trapezoidal channels 94 
to allow practical and efficient calculation of the flow velocity.  95 
 96 
In natural channels, the secondary currents are usually generated within the area of sidewall, 97 
hence the sidewall effect has to be modelled accurately to minimise the modelling error. To 98 
this end, a modified SKM model is investigated to improve the sidewall generated secondary 99 
currents and turbulence. The MZ model proposed by Pu (2019) has been modified and 100 
adapted to the proposed model to enhance the accuracy of computing sidewall’s secondary 101 
flow. The proposed model will be useful to predict the sidewall’s impact on secondary flow 102 
and flow velocity. These modelling predictions will be crucial to determine the stability of 103 
river bank from turbulence flow-induced scouring, and help to determine the locations from 104 
fast to slow flow within natural fluvial system. This suggested model has also been validated 105 
against the UK Flood Channel Facility (UK-FCF) experimental data on various rectangular 106 
and trapezoidal channels. 107 
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2 Model Descriptions 108 
The SKM model by Shiono and Knight (1988, 1991) has proposed a simplified method to 109 
model flow velocity profile across open channel in lateral direction. To improve the SKM’s 110 
turbulence modelling, Castanedo et al. (2005) and Van Prooijen et al (2005) have proposed 111 
further new developments on flow turbulence modelling. However, after benchmarked by 112 
experimental data, their respective results showed modelling improvement only at areas 113 
further from heavy flow mixture zone. Yang et al. (2012) have also considered a momentum 114 
transfer concept to calculate secondary flows and eddy viscosity in SKM. These studies have 115 
proven the challenge to estimate flow turbulence at sidewalls, which could significantly alter 116 
the flow behaviour, especially at narrow channel flows.  117 
 118 
At the start of deriving the SKM, the Navier-Stokes governing equations have been used.  119 
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where ρ  is water density; τ  is flow shear stress; σ  is flow normal stress; X is water body 121 
force; x, y and z represent streamwise, lateral and vertical directions; t represents time; and U, 122 
V and W are velocity at x, y and z-direction. Both subscripts for τ  and σ indicate their 123 
direction of acting.   124 
 125 
To form the governing equation for lateral variation of depth-averaged velocity, Ud, the 126 
depth-averaged momentum equation has been solved for turbulent flow under steady uniform 127 
condition in the streamwise direction. And by imposing the dominant horizontal eddies across 128 
the channel, we can get  129 
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where f = friction factor.   136 
 137 
In equation (2), the depth-averaged transverse shear stress yxτ  can be expressed as (Shiono 138 
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where  141 
 *yx U Hλε =  (5) 142 
in which, yxε is depth-averaged eddy viscosity; λ  is dimensionless eddy viscosity; and *U  is 143 
shear velocity. 144 
 145 
Substituting the above equations (3) – (5) into equation (2) together by using the expression 146 
of shear velocity ( )
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where bτ  is local boundary shear stress; and subscript d represents depth-averaged 149 
characteristic of a parameter. 150 
 151 
As suggested by Shiono and Knight (1991) and Tang et al. (2008a), the secondary flows in 152 
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 155 
The half-channel schematic diagram for the trapezoidal channel flow has been presented at 156 
Figure 1, where it consists of two sections within the channel: main channel (Panel 1) and 157 
sidewall section (Panel 2). For uniform flow, the depth-averaged velocity equations (6) and 158 
(7) above can be expressed as follows   159 
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For the parameters in equations (8)-(11): So is bed slope; s is sidewall slope (where 1:s = 171 
vertical:horizontal length); g is gravitational acceleration; and A1, A2, A3, k, α , β , γ , ω  172 
and η   are all coefficients used for depth-averaged velocity formulation.  173 
3 Boundary Conditions for Rectangular and Trapezoidal Channels 174 
3.1 Trapezoidal Channel  175 
The trapezoidal channel in this study has been considered by splitting into two panels: one is 176 
for the main channel, and the other is for the sidewall section (refer to Figure 1). In Figure 1, 177 
the dimensions of the channel have also been explained. Its boundary conditions are presented 178 
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 181 
The superscript in equation (12) for each boundary refers to the section number, i.e. 1 for 182 
main channel and 2 for the sidewall section. In the equation, the first boundary condition 183 
describes to the centre line of the channel which separates the channel into two symmetric 184 
halves, which the starting point 0y =  has been demonstrated at schematic diagram of Figure 185 
1. The second defines at the channel edge by the non-slip condition. The third applies the 186 
continuity of velocity between two panels, and the fourth gives equality to the velocity 187 
gradient across different panels through flow continuity. The first and fourth conditions 188 
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require modification when dealing with non-uniform roughness or non-symmetric conditions, 189 
which these are not the case for this study.  190 
 191 
All coefficients 1 3A A−  in equations (8) and (10) for trapezoidal channel are presented as 192 
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As a result, the depth-averaged velocity equation combined with these new boundary 197 
conditions will produce 198 
 (1) 1 1 12 cosh( )dU A y k= +γ  (15) 199 
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3.2 Rectangular Channel  205 
The rectangular channel is treated in simplified geometry, where the Panel 2 showing at 206 
Figure 1 will not exist. In this case, only equation (8) is applicable and not equation (10). For 207 
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 (19) 212 
 213 
Once we apply the boundary conditions, the depth-averaged velocity becomes 214 
 2 cosh( )dU A y k= +γ  (20) 215 
4 Combining Shiono-Knight (SKM) and Multi-Zonal (MZ) Model  216 
As proven, open channel flow velocity profile which heavily influenced by flow momentum 217 
exchange could be estimated with reasonable precision if the area of interest is divided into 218 
multiple sections for computation (Pu, 2019). However in Pu (2019), the model has been 219 
based on the compound channel flows that has not considered sidewall effects. Here, we will 220 
investigate the MZ approach into the SKM formulation to model the different sidewall effects 221 
from trapezoidal and rectangular channels. 222 
 223 
In this study, the investigated MZ model works by generating additional computation zone at 224 
the sidewall area to implement the turbulence modelling. The MZ model has been applied to 225 
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the interface of Panel 1 to 2 for the sloping sidewall of the trapezoidal channel; and to near 226 
sidewall zone for the rectangular channel (refer to Figure 1 for visualisation of each panel). 227 
The modified MZ model in this study will consider escalated secondary flow caused by the 228 
sidewall and translate this into additional impact for β  in SKM modelling. This impact can 229 
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 233 
In equations (21) – (22), '1β  and 
'
2β  are coefficients at lateral interface zone to the right and 234 
left of flow boundary respectively. 
rep
H  in equation (22) represents the representative water 235 
depth at Panel 2. At trapezoidal channel, 1/ 2
rep
H H=  will be used since 236 
21/ 2repFlow Area sHH sH= = , whereas for rectangular channel, repH H= . In the 237 
equations, '1 1 1Γ = Γ +ϕ  and 
'
2 2 2Γ = Γ +ϕ , where 1ϕ  and 2ϕ  represent the Γ  components 238 
due to the enhanced secondary flow at sidewall zones.  239 
 240 
This study has found that the parameters of ϕ  have affected about 10-25% of the lateral 241 
distance for sidewall section. Similar finding has also been proposed by Nezu et al. (1993), 242 
and Pu et al. (2018). Comparatively in trapezoidal channel, this zone is lengthier than that at 243 
rectangular channel. However, the intensity of ϕ  in rectangular channel is higher than in 244 
trapezoidal channel. These findings suggest that the less intense secondary currents in 245 
trapezoidal channel can evolve to a longer lateral distance in sloping-wall condition. In 246 
addition, from the sidewall flow study by Nezu and Nagakawa (1993) it has been found that 247 
the secondary current intensity can escalate around 6-13% at the sidewall depending on the 248 
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flow’s aspect ratio. In our model of ϕ , we use this estimated ratio to scale it into each 249 
calculation step in the proposed model to compute the final Γ . 250 
 251 
5 UK Flood Channel Facility (UK-FCF) Experiments for Validation  252 
In order to validate the proposed model developed in this study, the UK Flood Channel 253 
Facility (UK-FCF) experimental data has been utilised. The flood channel which is 60 m in 254 
length and 10 m in width is located at Hydraulics Research Ltd., Wallingford. The 255 
measurements have been taken at a longitudinal distance of 19m downstream from inlet to 256 
achieve fully developed turbulent flow for it is an important criterion to the flow test (as 257 
suggested by Vinuesa et al., 2014). It has been funded by Science and Engineering Research 258 
Council (SERC) and Ministry of Agriculture, Fisheries and Food (MAFF) as part of the effort 259 
to realistically reproduce the complicated flooded channel flow events by experimental 260 
representation (as described in Tang and Knight, 2009). The measurements by UK-FCF 261 
facility have been conducted using point-measurement by the Acoustic Doppler Velocimeter 262 
(ADV) with the accuracy of +/-1.5% for flow with relatively high aspect ratio. However, this 263 
accuracy can drop to about +/-15% when the flow has very low aspect ratio (Knight et al., 264 
2018).  265 
Under the UK-FCF project, there are a few key emphases. First, the channel flow under 266 
common flood condition with a two-stage compound shape has been built and investigated. 267 
This part of their study involves the measurements on flow with secondary current induced 268 
turbulence between the stages (Tang and Knight, 2009). The channel has also been designed 269 
to carry the capacity for inspecting different sidewall flows for trapezoidal and rectangular 270 
channels, and skewed flows where floodplain and main channel are not parallel (Elliott and 271 
Sellin, 2010). Lastly, the channel allows the flow test on a wide range of aspect ratio, which is 272 
a key factor that can affect the intensity of secondary flow as suggested by Vinuesa et al. 273 
(2018).  274 
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During the current study, the UK-FCF measured data have been selected to compare with the 275 
presented model due to their high accuracy as proven in studies by Liao and Knight 276 
(2007a,b), Tang and Knight (2008a,b, 2009) and Yang et al. (2012). By using their data, we 277 
can ensure that the flow model developed through this study could be examined with good 278 
confidence.  279 
 280 
6 Results and Discussions 281 
The proposed model has been applied to different flow measurements in rectangular and 282 
trapezoidal channels conducted using UK-FCF facility (refer to Figures 2-12). In Figures 2-6, 283 
the model calculation results for trapezoidal channel flow tests have been presented; while 284 
Figures 7-12 show the rectangular channel flow tests. For comparison, the results from 285 
modified SKM model by Tang and Knight (2009) has also been employed in Figures 2-6 (for 286 
trapezoidal channel tests); and the model from Tang and Knight (2008a) has been used in 287 
Figures 7-12 (for rectangular channel tests).  288 
 289 
Table 1 shows the experimental conditions and width-averaged velocity, Uw, for trapezoidal 290 
channel tests in Figures 2-6; and Table 2 indicates the same conditions for rectangular 291 
channel tests in Figures 7-12. All trapezoidal flow tests utilised the sidewall slope parameter 292 
of 1s =  (the physical meaning of s can be found at Figure 1). From the tables, one can see 293 
that the tests have been conducted in a wide range of aspect ratios, B/H (i.e. 1.50-10.93 for 294 
trapezoidal channel flows; and 2.10-7.59 for rectangular channel flows). These huge range 295 
can be used to thoroughly investigate the proposed modelling capability to represent different 296 
narrow to wide channel flows, and to generate the necessary flow adversity conditions to test 297 
the model’s secondary current calculation.  298 
 299 
It can be observed from Figures 2-6 that almost all trapezoidal channel flow tests have been 300 
represented reasonably by Tang and Knight (2009) and proposed models, except for YUEN 301 
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016 which neither of the models simulated the measured data with acceptable accuracy. When 302 
we investigate the rectangular channel flow tests in Figures 7-12, the same observation can be 303 
obtained, where most of the flow tests have been calculated with reasonable accuracy, except 304 
RIS510, BANVEL25 and BANVEL15. For these less accurate cases, their modelled 305 
discrepancy with the measurements has been observed at both sidewall and main channel 306 
flow zones.  307 
 308 
The flow parameters, including aspect ratio, flow depth, bed slope, Froude (Fr) and Reynolds 309 
numbers (Re), for the four tests with low modelling accuracy have been presented at Table 3. 310 
From the table, we can observe that the flow depth and bed slope utilised in those tests are 311 
similar to other tests with higher accuracy. In terms of Fr, all the tests in Table 3 present 312 
subcritical flow behaviour (Fr < 1), in which their Fr are in comparable range with other tests 313 
as well. The calculated Re for each test of YUEN 016, RIS510, BANVEL25 and BANVEL15 314 
evidences that they are in the range of turbulent flow (Re > 4000). Again, their Re numbers 315 
are in similar range with other tests that present reasonable accuracy. When aspect ratios of 316 
each test in Table 3 (1.50 / 3.30B H≤ ≤ ) are compared to the other tests 317 
( 4.75 / 10.93B H≤ ≤ ), it is clear the less accurate cases are having much lower aspect ratio. 318 
Thus, these comparisons have proven that the accuracy of the modelled result is only affected 319 
by the aspect ratio (among the investigated parameters), where low aspect ratio will result in 320 
less accuracy in model computation.   321 
 322 
The calculation of the SKM-type model on narrow flows with small aspect ratio is less 323 
encouraging due to the fact that SKM approach utilises Reynolds-Averaged Navier Stokes 324 
(RANS) governing equations. In RANS model, the flow has been simplified to 2D by depth-325 
averaging the full Navier-Stokes (NS) model; however, in narrow flow with small aspect ratio 326 
the strong 3D flow features present. Caused by this, all RANS-formulated models have 327 
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limited capability to represent fully narrow channel flow (agreeing with the numerical and 328 
experimental findings by Pu, 2015, and Pu et al., 2014).  329 
 330 
Also worth noting, in comparison of trapezoidal and rectangular channel flow calculations, 331 
the latter seems to be improved by the proposed SKM-MZ model to a clearer extend at the 332 
sidewall zone. In Figures 2-6, the proposed model as compared to Tang and Knight (2009) 333 
model which formulated under the same RANS-SKM approach give similar result accuracy 334 
when benchmarked by UK-FCF measurements. However, as showing in Figures 7-12, the 335 
proposed model improves the sidewall velocity profile calculations more clearly in most of 336 
the flow cases when compared to Tang and Knight (2008a) model. It is due to the fact that 337 
rectangular channel flow produces higher secondary currents due to sidewalls compared to 338 
the trapezoidal channel flow (which agrees with the findings of Marin et al., 2016). This 339 
escalated secondary flow at rectangular channel can cause difficulty in sidewall velocity 340 
estimation, and this difficulty can be fundamentally better resolved by the proposed MZ 341 
approach than the conventional SKM models, i.e. by Tang and Knight (2008a).       342 
 343 
7 Conclusions 344 
A modified Shiono-Knight model (SKM) with a Multi-Zonal (MZ) approach has been 345 
investigated in this paper to represent different rectangular and trapezoidal channel flows. The 346 
MZ can improve the SKM calculation of secondary flow and hence turbulence in heavy flow 347 
exchange area of sidewall. The measured velocity profile in lateral direction by UK Flood 348 
Channel Facility (UK-FCF) on various rectangular and trapezoidal channels have been used 349 
for the proposed model validation. In our finding, larger sidewall zone has been observed at 350 
trapezoidal channel flow tests; while rectangular channel flows gave a higher secondary 351 
current intensity due to the geometry-form of its sidewall. It has also been found that the 2D 352 
Navier-Stokes (NS) assumption in SKM utilised by the proposed model cannot represent the 353 
narrow channel flows with good accuracy as compared to wide channel flows. This has 354 
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indicated the need of full 3D-NS model to capture the true characteristic of secondary flow in 355 
narrow channels. 356 
 357 
Notations 358 
b                 bottom width of trapezoidal channel (m) 359 
B               surface channel width (m) 360 
f                Friction factor (-) 361 
g                Gravitational acceleration (m/s2) 362 
H                 Flow depth (m) 363 
Hrep                 Representative flow depth (m) 364 
So                  Bed slope (-) 365 
t                    Time (s) 366 
U*               Shear velocity (m/s) 367 
U Velocity in x direction (m/s) 368 
Ud                  Depth-averaged velocity (m/s) 369 
Uw                  Width-averaged velocity (m/s) 370 
V Velocity in y direction (m/s) 371 
W         Velocity in z direction (m/s) 372 
x                    Streamwise coordinate (m) 373 
X                 Force of water body (Pa) 374 
y                    Lateral coordinate (m) 375 
z                    Coordinate normal to bed (m) 376 
ρ                   Density of water (kg/m3) 377 
τ                    Shear stress (Pa) 378 
µ                   Kinematic viscosity (m2/s) 379 
σ                   Normal stresses (Pa) 380 
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ε                    Eddy viscosity (kg/ms) 381 
Γ                    Secondary flow parameter (kg/(ms2)) 382 
λ                    Dimensionless eddy viscosity (-) 383 
yxε                  Depth-averaged eddy viscosity (m2/s) 384 
b
τ                    Local boundary shear stress (Pa) 385 
 386 
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Table 1 Experimental conditions for trapezoidal channel flow tests 472 
Experiment 
No. B/H (-) So (-) b (m) B (m) H (m) Uw (m/s) 
FCF0402 5.15 0.001027 0.750 0.856 0.1662 0.818 
FCF0405 4.77 0.001027 0.750 0.950 0.1992 0.918 
FCF4075 10.93 0.001027 0.750 0.825 0.0755 0.512 
YUEN016 1.50 0.000966 0.075 0.225 0.1500 0.551 





Table 2 Experimental conditions for rectangular channel flow tests 475 
Experiment 
No. B/H (-) So (-) B (m) H (m) Uw (m/s) 
RIS404 7.59 0.002020 0.199 0.02622 0.401 
RIS405 6.59 0.002020 0.199 0.03020 0.446 
RIS408 5.10 0.002020 0.199 0.03900 0.543 
RIS510 2.10 0.002020 0.199 0.09482 0.817 
BANVEL15 3.30 0.002020 0.199 0.06038 0.663 
BANVEL25 2.40 0.002020 0.199 0.08301 0.791 
 476 




Table 3 Experimental conditions analysis for less accurate trapezoidal and rectangular flow 479 
tests 480 
Experiment 
No. B/H (-) So (-) H (m) Fr (-) Re (-) 
YUEN016 1.50 0.000966 0.1500 0.454 8265 
RIS510 2.10 0.002020 0.09482 0.847 7746 
BANVEL25 2.40 0.002020 0.08301 0.877 6566 
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Figure 12 Rectangular channel BANVEL25 test depth-averaged velocity comparison between the proposed model and literatures   521 
